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We construct a new U(1) slave spin representation for the single band Hubbard model in the large-U limit.
The mean-field theory in this representation is more amenable to describe both the spin-charge-separation
physics of the Mott insulator at half-filling and the strange metal behavior at finite doping. By employing a
dynamical Green’s function theory for slave spins, we calculate the single-particle spectral function of elec-
trons, and the result is comparable to that in dynamical mean field theories. We then formulate a dynamical
t/U expansion for the doped Hubbard model that reproduces the mean-field results at the lowest order of ex-
pansion. To the next order of expansion, it naturally yields an effective low-energy theory of a t − J model
for spinons self-consistently coupled to an XXZ model for the slave spins. We show that the superexchange
J is renormalized by doping, in agreement with the Gutzwiller approximation. Surprisingly, we find a new
ferromagnetic channel of exchange interactions which survives in the infinite U limit, as a manifestation of the
Nagaoka ferromagnetism.
Introduction. Although the parent cuprates are genuine
three-band, charge transfer insulators[1], it is widely accepted
that the high-Tc superconductivity[2] and associated anoma-
lies in the normal state can be adequately described within
a doped single-band Hubbard model (HM)[3] with a large
onsite repulsion U and its descendent low-energy effective
model, the t-J model[4–6].
The t-J model is usually obtained from the HM by per-
forming a Schrieffer-Wolff-type transformation[7, 8], which
can be considered as a version of t/U expansion. However, it
is known that certain aspects of the HM are not captured by
the t-J model. For example, the Nagaoka ferromagnetism[9]
and its possible survival at large-but-finite-U limit is still
under debate. Moreover, to be consistent with experimen-
tal observations, both the hopping amplitude and superex-
change interaction in the t-J model have to be rescaled
by the doping level δ empirically, known as the Gutzwiller
approximation[10]. Even though, certain dynamical effects
are not captured within the standard Gutzwiller-projected t-J
model[6, 11–13]
A more formal approach to construct a low-energy ef-
fective theory for the HM would be from either a dynam-
ical t/U perturbative series expansion in terms of Green’s
functions[14, 15] or a cumulant expansion[16]. However,
either is generically difficult due to the noncanonical na-
ture of the atomic basis when doping is finite. It is possi-
ble to describe the dynamics of noncanonical theories via the
Schwinger’s-equations-of-motion (SEoM) approach [17], but
it is still unclear how to do the t/U expansion using the ex-
act SEoM of the HM. A feasible way would be to start with a
slave-boson-type representation that can both faithfully repro-
duce the local single-particle spectrum of the HM and fulfill
the spectral sum rule of Green’s functions. Then use the path
integral method to dynamically integrate out the high energy
degrees of freedom to obtain the corresponding low energy
effective theory. Such a dynamical theory has been obtained
at half-filling via a slave rotor representation [16]. Unfortu-
nately it cannot be applied to finite doping due to the limited
Hilbert space of the rotors. On the other hand, the U(1) slave
spin representation[18] has a larger Hilbert space and would
be suitable for the dynamical t/U expansion at finite doping.
But a major obstacle lies in the redundant spin SU(2) sym-
metry in both the slave spin and fermionic spinon sectors in
its conventional construction.
In this work, we introduce a new U(1) slave spin rep-
resentation that better describes the spin-charge separation
in a Mott insulator. In light of this convenient representa-
tion, we construct a dynamical t/U expansion for the doped
HM by employing a perturbative SEoM theory for the slave
spins. This enables us to calculate electronic spectral func-
tions, which agree with CDMFT[19] results and ECFL[17]
results obtained by SEoM for t-J model (U →∞)on the pole
structure and spectral weight distribution, despite the mean
field nature of our theory. We further compute the spin-spin
interaction strength up to the O(t/U) order of the expan-
sion beyond the saddle point. An effective t-J model with
rescaling factors agreed with those in Gutzwiller approxima-
tion naturally emerges in our theory. In addition to the antifer-
romagnetic superexchange coupling we find a ferromagnetic
exchange coupling surviving up to U → ∞, which connects
to the Nagaoka ferromagnetism. We finally discuss the impli-
cation of our theory and future prospect of our new approach
to the HM.
U(1) slave spin representation of the Hubbard model. We
rewrite the physical electron operators diσ and d
†
iσ as
d†iσ = (S
+
ia + S
+
ib)f
†
iσ/
√
2, diσ = (S
−
ia + S
−
ib)fiσ/
√
2, (1)
where S±ia are ladder operators of S = 1/2 slave spins, and
fiσ is a fermionic spinon operator. In contrast to previous
constructions [20, 21], in this representation, the slave-spin
indices a and b are no longer associated with the physical
spin index σ, so that the slave spins and spinons respec-
tively carry the charge and spin degrees of freedom, indi-
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2cating a full charge-spin separation. The constraint becomes∑
l=a,b S
z
is =
∑
σ=↑,↓(f
†
iσfiσ − 12 ), in contrast to previous
constructions, in which the constraint is for each spin flavor.
The Hamiltonian of the single-band HM in this slave-spin rep-
resentation is written as
H = HS,0 +Hf,0 +Ht, (2)
with HS,0 = U2
∑
i(
∑
s S
z
is)
2 + h
∑
is S
z
is, Ht =
−∑ijσ tij2 (S+ia + S+ib)(S−ja + S−jb)f†iσfjσ, Hf,0 = (−h −
µ)
∑
iσ n
f
iσ. Here µ is the chemical potential and h is a La-
grangian multiplier to implement the constraint.
As we shall demonstrate later, this representation repro-
duces the Green’s function of a Mott insulator in a slave rotor
representation[22, 23] which has been shown to have captured
the impurity physics of a Mott insulator[24]. This represen-
tation hence provides a better description of the Mott insulat-
ing phase at half-filling. Meanwhile, at the mean-field level
it retains the capability to describe the phases at finite dop-
ing just as in previous works[18]. In this work, we focus on
the dynamical properties and the low-energy effective theory
obtained beyond the mean-field level at finite doping where
dynamical fluctuations are taken into account.
The atomic limit. To study the dynamical properties of
slave spins, we use the SEoM method, which converts the
Heisenberg equations of motion of the operators into exact
equations of motion of the Green’s functions or propagators
of these operators. This is formally done via a perturbation
theory on an effective XXZ spin model under transverse and
longitudinal fields which is similar to those developed for
Heisenberg models [25–30]. The details on the perturbation
approach will be presented elsewhere [31], and here for sim-
plicity, we only show main results.
The slave spin Green’s function is defined as
Gαα¯
′
η,S,ss′ [i, f ] = 〈T [Sαis(ti)Sα¯
′
fs′(tf )]η〉 − cη〈Sαis〉〈Sα¯
′
fs′〉,
(3)
with α = + or −, s = a or b, η = B or F representing the
sign of the time-ordering and cB = 1 and cF = 0.Throughout
this work, we use the labels [i, f ] to denote the space-time co-
ordinates of the initial and final states [xi, ti;xf , tf ]. To sim-
plify the notation, from now on we drop the slave spin index
s so that Gαα¯′η,S indicates a form of 2× 2 matrix in spin space.
One may freely choose to use either bosonic (B) or fermionic
(F ) Green’s function in the calculation because each will give
a complete set of equations. Here we only show results for
Gαα¯
′
B,Sss′ and present the form of G
αα¯′
F,Sss′ in SM as needed.
In the atomic limit (corresponding to Ising slave spins), we
can obtain the exact dynamical Green’s function [31, 32]. An
arbitrary state (not necessarily an eigenstate) of HS,0 can be
fully characterized by the set of parameters (M, m, ∆m2),
where M = 〈Sza + Szb 〉, m = 〈Sza − Szb 〉,
∆m2 = 〈(Sza − Szb )2〉. Solving HS,0 at half-filling (see
Supplemental Material (SM) and Ref. [31]) we find h =
0, M = 0, m2 + ∆m2 = 1. Here the uncertainty of
m and ∆m2 reflects the spin degeneracy at the atomic limit.
Choosing m = 1, we get [31, 32]
Gαα¯
′
B,S =
αδαα′σz
ω − ασzU/2 . (4)
Switching to imaginary frequency ω → iν, we can recover the
slave-rotor Green’s function GX [ν] at half-filling (G+−B,S,aa +
G+−B,S,bb)/2 → GX [ν] = (ν2/U + U/4)−1, consistent with
previous works[16, 22, 23].
Effective theory at saddle-point level. Following the con-
struction of Ref. [16], when the hopping is turned on, at the
saddle point level the theory is decoupled into an effective
slave spin theory
HS,eff = HS,0 +HS,t, (5)
with HS,t = −
∑
ij,ss′(Qf,ijS
+
isS
−
js′ +h.c.), and an effective
f−spinon theory
Hf,eff = Hf,0 +Hf,t (6)
with Hf,t = −
∑
ijσ(QS,ijf
†
iσfjσ + h.c.). The parameters
Qf,ij =
∑
σ tij〈f†iσfjσ〉, QS,ij =
∑
ss′ tij〈S+isS−js′〉 are
self-consistently determined. In this theory the quasiparticle
spectral weight is defined as Z = 〈Sx〉2. The Mott insula-
tor at half-filling is described by a paramagnetic state of the
slave spins with 〈Sx〉 = 0. Doping the Mott insulator drives
the system to a metallic state, in which the slave spins form
long-range order 〈Sx〉 6= 0. When only the nearest neighbor
(nn) hopping is taken into account, Qf,ij is determined by the
spinon density (that equals the electron density) and is inde-
pendent of QS,ij . With this, the self-consistency at the saddle
point is trivially achieved at finite doping δ. For simplicity, in
the rest of this work, we restrict to the cases δ ∼ 0 where a
perturbation theory is presumably valid.
At the saddle-point level, the slave-spin Hamiltonian can be
solved by implementing a Weiss mean-field approximation to
HS,t, which has been widely adopted in previous works for
single- and multi-orbital systems[18, 33–36]. In this approxi-
mation
HS,t ≈ HS,tMF = −
∑
is
(
(
∑
〈ij〉s′
Qf,ij〈S−js′〉)S+is + h.c.
)
.
(7)
The U(1) symmetry of the slave spins is broken, and we
choose 〈S+is〉 = 〈S−is〉 = 〈Sxis〉 = Mx. On a 2D square
lattice with only nn hopping, Qf,ij = Qf so that the mean-
field Hamiltonian HS,MF = HS,0 +HS,tMF becomes a local
Hamiltonian. It can be solved by exact diagonalization and
one finds Z ∝ δ ' QS,ij . The same result can be alterna-
tively arrived from the lowest-order Green’s functionGαα¯′B,0 [ω]
in our dynamical perturbation theory in the limit of small dop-
ing δ (see SM).
3In the presence of perturbations, the lowest order effect
is that the ground state |ψ(M, m, ∆m)〉 is renormalized.
Hence, Gαα¯′B,0 [ω] for arbitrary states under the evolution of
HS,0 takes the following form:
Gαα¯B,S,0[ω] = σ0
X(ω + αh) + (M + α(1−X))U/2
(ω + αh)2 − U2/4 , (8)
where X = 1 − ∆m2. In the above expression, we already
made use of the following properties: i) m = 0 in the on-
set of transverse field; ii) ∆m2 ' 1 near the doping-driven-
Mott-insulator-to-metal-transition (dMIMT), so thatX is also
a small parameter. Numerical calculations find X = c0δ in
this mean field approximation where c0 runs from about 1.3
near Uc to 1 for U →∞.
Perturbative correction to slave spin Green’s func-
tions. Consider the perturbation to the slave spin Green’s
functions of HS,MF as the following:
Gαα¯
′
B,S [ω] ' Gαα¯′B,S,0[ω] +Gαα¯′B,S,1[ω], (9)
where Gαα¯′B,1 [ω] is the lowest order correction of G
αα¯′
B [ω]
(other than the change in wavefunction under the evolution
of H0). The SEoM theory gives
Gαα¯
′
B,S,1,ss′ [ω] =
α
ω + αh
(α′(U〈Sxs 〉+ hx)Ix
2
+
∑
α′′
α′′hx
2ω
(U〈Sxσ〉Gα
′′α¯′
B,S,0,s¯s′ [ω] + hxG
α′′α¯′
B,S,0,ss′ [ω])
)
.
(10)
Although the bare first order perturbation to Gαα¯′B,Syields cor-
rect results for observables, like second order correction to
〈Sz〉 etc., it violates the spectral weight sum rule significantly,
especially when U is large. In principle, this can be fixed
by going to higher order perturbations. And here we adopt
a simple random-phase-approximation (RPA) to the diagonal
(in both the slave spin flavor index and the α superscript index
for which +− or −+ is considered diagonal) components of
Gαα¯
′
B,S :
G
+−(−+)
B,S,ss [ω] '
(
G
+−(−+)
B,S,0,ss [ω]
−1 −G+−(−+)B,S,1,ss [ω]
)−1
, (11)
whereas the off-diagonal components are left the same. As
we will show in below, the spectral sum rule approximately
holds by taking this RPA form of Green’s functions at small
dopings.
The electronic spectral functions. Knowing the Green’s
function of slave spins, the single-electron spectral function
at finite doping is readily calculated. Here we discuss the
local spectral function of electrons within the above mean-
field approach. From Eq. (1), the electronic Green’s function
iGd[i, f ] ' (
∑
ss′ iG
−+
B,Sss′ [i, f ])(iGf [i, f ]), which leads to
the electronic spectral function
ρd[ω,x] =
∫
dω′(
∑
ss′
ρ−+B,Sss′ [ω + ω
′,x])ρf [ω′], (12)
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FIG. 1. (Color online) (1a) local electronic spectral functions for
δ = 0.008, 0.02, 0.05, 0.1 with a 0.5 shifting for each curve;
(1b) the spectral weights for each pole as a function of δ and com-
pared with the corresponding asymptotic behaviors. Together shown
is the average spectral weight
∑
iWi/4 of the poles, which indicates
approximate conservation of the total spectral weight (see text). A
Lorentzian broadening factor η+ = 0.1 is used in each curve in (1a),
and η+ = 0.01 is used in (1b).
where the slave spin spectral function ρ−+B,Sss′ [ω,x] =
−pi−1=m[G−+B,Sss′ [ω − iη+sgn[ω]]]. At the mean field level,
we take ρf [ω′] ' (pi)−1δ(ω′), and Eq. (12) becomes
ρMFd [ω,x] '
∑
ss′
ρ−+B,Sss′ [ω,x]. (13)
Note that the slave-spin Green’s function in Eq. (9) is also
local, so that ρMFd [ω,x] = ρ
MF
d [ω].
We show the evolution of the local electron spectral func-
tion with doping level δ in Fig. (1a), from which we can iden-
tify four distinct poles, labeled as Wi, (i = 1, . . . , 4), re-
spectively. The doping dependence of the calculated spec-
tral weight at each pole Wi is shown in Fig. (1b). We also
plot together the quarter of total spectral weight Wtotal/4 =∑
iWi/4 which indicates the spectral weight sum rule is con-
served up to an error of the perturbation theory O(hx), much
smaller than the doping level δ.
Use the bare first order perturbation results, we identify
that the poles of ρMFd [ω] are approximately located at ωi ∈
{h − U/2, 0, h, U/2 + h}. The corresponding linear fit-
tings for the spectral weight at these poles (dashed lines) are
{(1 − δ)/2, δ, 2δ, (1 − 5δ)/2}. These results clearly show
that the poles respectively correspond to the {lower Hubbard
band, Fermi energy, mid-gap states, upper Hubbard band},
and the spectral weight redistribution among them with dop-
ing. The spectral weight evolution is consistent with the anal-
ysis of CDMF results in Ref. [19] when we take the doublon
density to be ndoublon = 2δ in our mean-field theory.
An interesting and important feature in the spectrum is the
asymmetric structure of the pole W2 about the Fermi level
ω = 0. Though the jump of ρMFd [ω] across ω = 0 is gen-
erally an artifact coming from treating the f -spinon density
of states as a δ-function, the asymmetry of the spectrum is
a physical consequence of the pole of Gαα¯
′
B,S . Note that, this
is a zero frequency pole of a time-ordered Green’s function.
Thus, it is a dynamical pole whose imaginary part should be
4interpreted as =m[1/(ω + iδsgn[ω])] ∝ ∂ωδ(ω). This pole
contributes a component ∝ ∂ωρf (ω) to ρd(ω) after the con-
volution. Considering that the f -spinons are treated as canon-
ical fermions whose self-energy is even in ω, a dynamical
particle-hole odd component[37] accounting for the asymmet-
ric spectral weight should be incorporated in ρd(ω) through
this pole, and this is an important hallmark of strong U cor-
relations in recent microscopic theories including the ECFL
theory[17, 37], the hidden Fermi liquid theory[38, 39], as well
as DMFT results[40, 41].
Spin-spin interactions of the doped phase. The dynamical
expansion allows us to extract the superexchange interactions
in terms of the f -spinons
HJ =
Jij
2
f†iαfiβf
†
jβfjα ⇒ JijSi · Sj . (14)
Here Jij is obtained by contracting the vertex at one-loop
level[16] as
Jij = t
2
ij
∫ −dω
2pi
∑
ss′ll′
G+−B,S,ss′ [ω, i, i]G
−+
B,S,ll′ [ω, j, j].
(15)
Plugging in the slave-spin Green’s function at the atomic limit,
we find the superexchange interaction at half-filling: J0 =
2t2ij/U . The missing factor of 2 can be restored when taking
into account the fluctuations of the hopping term similar as in
Ref. [16].
At finite doping, more channels of spin-spin interactions
arise from different dynamical processes, and they can be cal-
culated term by term according to Eq. (15) and (9). Up to the
leading orders,
J = J (0) + J (1) + . . . , (16)
where J (0) = −t2 ∫ dω2piG+−B,S,0G−+B,S,0, and J (1) =
−t2 ∫ dω2pi (G+−B,S,1G−+B,S,0 + G+−B,S,0G−+B,S,1). J (0) is the su-
perexchange interactions, which is still governed by the vir-
tual transition between the LHB and UHB as G+−(−+)B,S,0 only
have poles at ω1 and ω4. To the lowest order in δ, we have
J (0) ' J∗0 (1− 2δ) (17)
where a = h/U and J∗0 = J0(1 − 4a2)−1 which is the bare
superexchange interaction strength if only the energy shifting
of the LHB and UHB caused by doping is accounted for. J (1)
is due to the virtual transitions between LHB and the mid-gap
pole W2. To the lowest order, we have
J (1) ' − M
2
xt
2
1 + 4a
, (18)
which is ferromagnetic. By extrapolation, we find
M2x
∣∣
U→∞ ' δ, which indicates that at finite doping and in
the U →∞ limit only the ferromagnetic interaction survives.
This links to the Nagaoka ferromagnetism[9, 42].
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FIG. 2. (i) the total spin-spin interactions strength J (solid lines),
(ii) the superexchange interaction strength J(0) (dashed lines) and
(iii) the ferromagnetic interaction strength (−1)×J(1) (dotted lines)
plotted as functions of δ.
Effective theory at first order in t/U . Based on the above
mean-field solution, we can further construct an effective the-
ory for the doped HM in a way similar to Ref. [16]. The result-
ing theory contains Hamiltonians in both the slave-spin and
f -spinon sectors
HS,eff = HS,0 +HS,t, (19)
Hf,eff = Hf,t +Hf,0 +HJ . (20)
Hf,eff takes the form of a t-J model and HS,eff takes the
form of an XXZ spin model. They are dynamically coupled
via self-consistent condition. In our theory the renormaliza-
tion factors of t and J for the f -spinons, gt and gJ , are via the
slave-spin correlations and no further Gutzwiller projection is
necessary. Quantitatively we find
gt = M
2
x = 2δ, gJ = 1− 2δ, (21)
which agree well to those phenomenological values gt =
2δ/(1 + δ), gJ = 1/(1 + δ)
2 first proposed by Zhang et.
al. [10].
Conclusion. In this work, we propose a slave-spin rep-
resentation of the HM on a square lattice with nn hoppings
and use the SEoM perturbation theory to implement a dy-
namical t/U expansion in the doped MI. At the saddle-point
level, our theory generates nontrivial dynamical properties of
single-electron spectrum, including multiple pole structures
and spectral weight (re-)distributions with doping, Both fea-
tures are in excellent agreement with known numerical results
despite that our theory is analytic in nature and works directly
in the ω − k space. We also derive the exchange interactions
among spins. In addition to the usual AFM superexchange
interactions, we find a new FM channel at finite doping and
finite U values. This FM coupling survives the U → ∞ limit
and asymptotically connects to the Nagaoka ferromagnetism.
It also provides a viable explanation for recently discovered
FM order[43] and spin fluctuations[44–46] in cuprates. In
general, we find the low-energy effective theory of the doped
MI is a dynamical t-J model with effective renormalization
factors in agreement with those proposed phenomenologically
5based on experimental data and empirical findings. Our the-
ory thus provides a natural basis and reliable means in under-
standing the exotic properties of the doped HM.
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FIG. S1. (S1a) bare values of h shown at different U ’s as functions
of δ; (S1b) ac = hc/U shown as a function of U−1 over the full
range; (S1c) bare values of a = h/U ; (S1d) the relative change of a
from ac
SOLUTION OF THE SLAVE-SPIN THEORY WITHIN
WEISS MEAN-FIELD APPROXIMATION
In this part, we show the saddle-point solution of the
slave spin theory within a Weiss mean-field decomposition in
Eq. (7) of the main text obtained by diagonalization.
First, we find the dMIMT taking place at a finite hc with
hc ' U/2×
√
Uc(U
−1
c − U−1). (S1)
Note that in the single-orbital Hubbard model, one can always
set h = −µ, where µ is the electron chemical potential. This
makes the ratio a = h/U proportional to doping δ, as shown
in Figs. Fig. (S1a) and Fig. (S1b). Actually,
a = ac(1 + b δ). (S2)
where the factor b decreases as U increases, and the critical
value ac =
√
U−1c − U−1/2.
The ratio a is shown for both its bare values in Fig. (S1c)
and its changes from the critical point a/ac in Fig. (S1d). The
change in a as a percentage of ac is about 4 times of δ, hence
leads to the increase of J0 as δ increases. We consider that
it is an artifact of mean field theory since h accounts also for
effects due to the hopping terms.
The dMIMT is of Brinkman-Rice type, as we find that Z ∝
δ which is shown in Fig. (S2a). To support the survival of the
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FIG. S2. (S2a) Z = M2x/2 shown as functions of δ at different
U ’s; (S2b) Z/δ plotted as a function of U−1 down to zero which
converges to 1.
Nagaoka-ferromagnetic interaction in the U → ∞ limit, we
plot Z/δ as a function of U−1. As shown in Fig. (S2b), Z/δ
converges to 1 in the limit of U → ∞, which indicates that
the FM exchange coupling in Eq.(18) of the main text keeps
finite in this limit.
PERTURBATIVE SCHWINGER’S EQUATION-OF-MOTION
APPROACH FOR QUANTUM SPINS
A full description of the perturbative Schwinger’s equation-
of-motion approach for spin-1/2 quantum spins is given in
Ref. S31 independently. Here we briefly present the approach
and the solutions for the slave spins.
The Schwinger’s equation-of-motion theory converts the
operator Heisenberg-equations-of-motion (HEoM) into equa-
tions of motion for the Green’s functions. For the quantum
spins that obey the SU(2) Lie-algebra, we introduce both a
bosonic and a fermionic Green’s functions as the follows:
iGOO
′
η [i, f ] = 〈〈Oˆi[ti]Oˆ′f [tf ]〉〉η =〈T±
[
Oˆi[ti]Oˆ
′
f [tf ]
]
〉 − Cη〈Oˆi〉〈Oˆ′f 〉
= 〈θ(ti − tf )Oˆi[ti]Oˆ′f [tf ] + ηθ(tf − ti)Oˆ′f [tf ]Oˆi[ti]〉 − Cη〈Oˆi〉〈Oˆ′f 〉,
(S3)
2where η = B, F as subscripts while η = ± correspondingly
in the equations and CB(F ) = 2(0). Whereas GOO
′
B(F )[i, f ]
are considered not independent, we consider both here since
sometimes it is more convenient to use one not the other for
computing certain quantities.
Atomic limit solution
In the atomic limit, since the slave spin Hamiltonian
HS,at =
U
2
∑
i
(
∑
s
Szis)
2 + h
∑
is
Szis (S4)
is purely Ising-type, we only need to consider
Gαα¯
′
η,S,ss′ [i, f ] = 〈T [Sαis(ti)Sα¯
′
fs′(tf )]〉 − 2〈Sαis〉〈Sα¯
′
fs′〉, (S5)
with α = + or −.
First, we obtain the HEoM
−i∂tSαis = [HSint, Sαis] = αUSzis¯Sαis + αhSαis. (S6)
Correspondingly, the SEoM is
−i∂tiGαα¯′B,S,σσ′ [i, f ] = α
(
2〈Szσ〉δαα′δσσ′δ[i, f ]− hGαα¯′B,S,σσ′ [i, f ] + J Γzα;α¯
′
B,S,σ¯σ;σ′ [i, f ]
)
, (S7)
−i∂tiGαα¯′F,S,σσ′ [i, f ] = δαα′δσσ′δ[i, f ] + α
(
−hGαα¯′F,S,σσ′ [i, f ] + J Γzα;α¯
′
F,S,σ¯σ;σ′ [i, f ]
)
, (S8)
where Γαα
′;α′′
B(F )ss′;s′′ [i, f ] denotes the vertex functions defined
as
iΓαα
′;α′′
B(F ),S,ss′;s′′ [i, f ] = 〈〈Sαs [ti]Sα
′
s′ [ti]S
α′′
s′′ [tf ]〉〉B(F ). (S9)
In the Ising limit, the vertex function can be simplified as
iΓzα;α
′
B(F ),S,ss′;s′′ [i, f ] = 〈Szis〉Gαα
′
B(F ),S,s′s′′ [i, f ]. (S10)
To simplify the notation, we shall drop the slave spin in-
dex s so that Gαα¯′S indicates a 2 × 2 matrix. Here σi denotes
the Pauli matrices (σ0 being the identity matrix). Denoting
〈Sza + Szb 〉 = M, 〈Sza − Szb 〉 = m, which are good quantum
numbers, we obtain
Gαα¯
′
B,S [ω] =
αδαα′(Mσ0 +mσz)
ω − α(h+ U(Mσ0 −mσz)/2) , (S11)
Gαα¯
′
F,S [ω] =
δαα′σ0
ω − α(+h+ U(Mσ0 −mσz)/2) . (S12)
where inside the equation, s = ±1. What is s here since s has
been just dropped?
Expressions for arbitrary states
For an arbitrary state |ψ〉, we can always expand it in
terms of eigenstates of H . In this Ising limit, it is easy
to prove that no crossing propagators for 〈〈S+[ti]S−[tf ]〉〉
and 〈〈S−[ti]S+[tf ]〉〉. Therefore, for any other states
|ψ(M, m, ∆m)〉 as given below,
|ψM,m,∆m〉 = a| ↑↓〉+ b| ↓↑〉+ c| ↑↑〉+ d| ↓↓〉, (S13)
where
M = c2 − d2, m = a2 − b2,
∆m =
√
〈mˆ2〉 =
√
a2 + b2. (S14)
We find that the arbitrary Gαα
′
B(F ),para can be constructed as
Gαα
′
B(F ),S,para =
a21GB(F ),S,M=1,m=0 + a
2
2GB(F ),S,M=−1,m=0
+ a23GB(F ),S,M=0,m=1 + a
2
4GB(F ),S,M=0,m=−1,
(S15)
where para = (M,m,∆m) is the complete parameter set
that describes the underlying state. With Eq. (S15), we can
plug the GB(F ),S back into the SEoM to obtain solutions for
the vertex functions.
To prepare for the perturbation calculation of transverse
field, we write down the explicit expressions for arbitrary
states with physical parametrization (use (M, m, ∆m) in-
stead of ais).
First, the solution for real ais is not unique. For later pur-
pose, here we pick a solution that gives us a positive and uni-
form 〈Sx〉:
a1 =
√
1 +M −∆m2
2
, a2 =
√
1−M −∆m2
2
, (S16)
a3 =
√
m+ ∆m2
2
, a4 =
√
∆m2 −m
2
, (S17)
which gives
〈Sxa 〉 = 〈Sxb 〉 = 1/2(
√
∆m2 +m
√
1−∆m2 −M
+
√
∆m2 −m
√
1−∆m2 +M).
(S18)
3Now we can write Eq. (S15) as
Gαα¯
′
B(F ) =
1
2
(
(1−∆m2)(Gαα¯′B(F ),S,(1,0) +Gαα¯
′
B(F ),S,(−1,0))
+M(Gαα¯
′
B(F ),S,(1,0) −Gαα¯
′
B(F ),S,(−1,0))
+m(Gαα¯
′
B(F ),S,(0,1) −Gαα¯
′
B(F ),S,(0,−1))
+ ∆m2(Gαα¯
′
B(F ),S,(0,1) +G
αα¯′
B(F ),S,(0,−1))
)
,
(S19)
where (M,m) denotes the base states parameters.
The Gαα
′
B(F ) for arbitrary state with parameters
(M, m, ∆m) read
Gαα¯B,S,0[ω] =
α((1−∆m2)σ0 +mσz)(ω + αh) + (M + α∆m2)Jσ0/2
(ω + αh)2 − U2/4 , (S20)
Gαα¯F,S,0[ω] =
(ω + αh)σ0 + α(Mσ0 −mσz)J/2
(ω + αh)2 − U2/4 . (S21)
Weiss mean-field approximation to the hopping term of the
slave spin Hamiltonian
In this part, we solve HS,eff for finite doping at the mean-
field level. The mean-field approximation is to decouple
HS,hopping as
HS,hopping → HS,hMF
= −Qf
∑
is
(
(
∑
〈ij〉s′
〈S−js′〉)S+is + h.c.
)
, (S22)
Since the emergence of 〈S±is〉 6= 0 is from spontaneous-
symmetry-breaking, we can choose the direction of the mag-
netization at our convenience: 〈S+is〉 = 〈S−is〉 = 〈Sxis〉 = Mx.
On a 2D square lattice with only nearest neighbor (nn) hop-
ping, HS,MF becomes
HS,MF = HS,at +HS,hMF
=
∑
i
(
USziaS
z
ib + h(S
z
ia + S
z
ib)− hx(Sxia + Sxib)
)
, (S23)
where hx = DMxQf , D = 4 is the number of nn bonds for
a two dimensional square lattice. This is a local Hamiltonian
and can be solved by exact diagonalization. Here we adopt an
alternative analytic calculation using a perturbation theory in
terms of the Green’s functions.
The corresponding HEoM reads
−i∂tSαs = α(USzs¯Sαs + hSαs + hxSzs ), (S24)
and hence the SEoM becomes
−i∂tiGαα¯′B,S,ss′ [i, f ] = α
(
2〈Szs 〉δαα′δss′δ[i, f ]− hGαα¯′B,S,ss′ [i, f ] + J Γzα;α¯
′
B,S,s¯s;s′ [i, f ] + hxG
zα¯′
B,S,s¯s′ [i, f ]
)
, (S25)
−i∂tiGαα¯′F,S,ss′ [i, f ] = δαα′δss′δ[i, f ] + α
(
−hGαα¯′F,S,ss′ [i, f ] + J Γzα;α¯
′
F,S,s¯s;s′ [i, f ] + hxG
zα¯′
F,S,s¯s′ [i, f ]
)
. (S26)
According to the result of diagonalization, we know that the ground state is a singlet/triplet with the onset of an infinitesi-
4mal transverse field.
The effects of the perturbation term are twofold: i) modi-
fying the ground state wavefunction(s); ii) altering the evolu-
tion of the states (altering the SEoM). So we first consider the
change in wavefunction, which gives G0 with renormalized
parameters. Then we consider the revised SEoM hence the
further correction to G’s and Γ’s.
In the presence of a transverse field hxxˆ, a magnetization
Mx,s along the field direction is induced. Now with the new
correlators Gzα¯′B(F ) entering the SEoM, we need to consider
their HEoM and SEoM as well. The HEoM of Szs reads
−i∂tSzs = ihxSys =
hx
2
(S+s − S−s ), (S27)
which leads to the following SEoM in frequency space
ωGzα¯
′
B [ω] =
1
2
(α′Ix + hx
∑
α
αGαα¯
′
B [ω]), (S28)
ωGzα¯
′
F [ω] =
hx
2
∑
α
αGαα¯
′
F [ω], (S29)
where the second equal sign is because we apply a uniform
field along xˆ.
Note that
〈Sxs 〉 = −i〈[Szs , Sys ]〉 =
1
2i
(Gz+F [i, i]−Gz−F [i, i])
=−
∫
dω
2pi
hx
2iω
(G++F,S,ss[ω] +G
−−
F,S,ss[ω]
−G−+F,S,ss[ω]−G+−F,S,ss[ω]).
(S30)
To the lowest order, the latter two terms can be computed as
〈Sxs 〉 =
∫
dω
2pi
hx
2iω
(G−+F,S,0,ss[ω] +G
+−
F,S,0,ss[ω]), (S31)
where G−+F,S,0,ss[ω] is the Green’s function without transverse
field in Eq. (S21).
The transverse magnetization, i.e. the quasiparticle weight,
the magnetization, i.e. the hole density, and ∆m2 correction,
to the lowest order in hx, are found to be
〈Sxa 〉 ' hx
[
Uσ0 − 2hMσ0 + 2hmσz
U2 − 4h2
]
aa
, (S32)
M = 2〈Sza〉 '
−4hh2x
U(U2/4− h2) , (S33)
δ∆m2 ' −h
2
x
U2/4− h2 . (S34)
which leads to Z = M2x/2 ∝ δ by solving the self-
consistency equation hx = DMxQf . All are consistent with
the numerical calculations.
In our SEoM theory, the dynamical spin Green’s functions
of HS,MF can be written as
Gαα¯
′
B(F )[ω] ' Gαα¯
′
B(F ),S,0[ω] +G
αα¯′
B(F ),S,1[ω], (S35)
where Gαα¯′B(F ),S,1[ω] is the lowest order correction of
Gαα¯
′
B(F )[ω] (other than the change in the wavefunction under
the evolution of H0).
Gαα¯
′
B,S,1,ss′ [ω] =
α
ω + αh
(α′(U〈Sxs 〉+ hx)Ix
2
+
Uhx
2ω
〈Sxs 〉
∑
α′′
α′′Gα
′′α¯′
B,S,0,s¯s′ [ω] +
h2x
2ω
∑
α′′
α′′Gα
′′α¯′
B,S,0,ss′ [ω]
)
, (S36)
Gαα¯
′
F,S,1,ss′ [ω] =
α
ω + αh
(Uhx
2ω
Mx
∑
α′′
α′′Gα
′′α¯′
F,S,0,s¯s′ [ω] +
h2x
2ω
∑
α′′
α′′Gα
′′α¯′
F,S,0,ss′ [ω]
)
. (S37)
